In this letter the so-called frequency switched Chua's circuit is presented. Its realization is based on the introduction of a switch device into the Chua's circuit, realized by using three StateControlled CNN cells. The dynamics of this system has been investigated both numerically and experimentally with respect to the frequency of the switch enabling signal. It exhibits different strange attractors, according to the variation of the frequency of the switching signal. Moreover, very strange frequency hysteresis phenomena demonstrating the peculiarity of the introduced circuit have been revealed.
Introduction
One of the most widely studied circuits able to generate chaos is the Chua's circuit [Madan, 1993] . This simple third-order circuit is characterized by a huge gallery of attractors that can be obtained by varying its parameters. The complete 2-D parameter bifurcation diagram of the Chua's circuit is reported in [Madan, 1993] , along with several examples of the strange attractors which can be obtained. For a defined set of parameters this circuit is able to generate the well-known double scroll Chua attractor. Starting from a double scroll regime, a suitable variation of the parameter set can lead to both the so-called right single scroll and left single scroll. The way in which a particular attractor can be achieved is not always simple, because in some cases the degrees of freedom of the problem are two or more, consequently more than one parameter has to be changed. Moreover, when a circuit is realized, the selection of a particular attractor has often to be achieved by a very fine tuning of the circuit parameters. The possibility of obtaining a rich variety of attractors is extremely helpful in several fields, especially in chaotic cryptography for secure communications, when different chaotic carriers have to be used [Caponetto et al., 1995] . Taking into account the previous consideration, in this work we introduce the so-called frequency switched Chua's circuit, in which a traditional Chua's circuit in a chaotic double scroll parameter configuration is enhanced in order to generate different attractors by varying the frequency of an external control signal. Threshold circuits generating chaos are not new in literature [Tang, 1983] . Compared to other studies in which the intermittency between chaotic phenomena has focused on Chaos-Chaos Intermittency [Anishchenko et al., 1993] , the aims and conclusions of our analysis are different. We examined the behavior of the system with respect to the frequency of the control signal and revealed that variations on this parameter alone are sufficient to change substantially the circuit dynamics.
In this letter the results of both numerical simulations and experimental studies are illustrated.
Schematic diagrams of the behavior of the system versus the frequency of the applied control signal are sketched out. By comparing the diagram obtained for increasing frequencies and the one obtained for decreasing frequencies, hysteresis phenomena have been revealed. This behavior, not previous discovered in other circuits, allows us to conclude that the system, for a fixed frequency value, has two different chaotic attractors corresponding to different initial conditions. This has been verified also by performing numerical simulations on the system equations.
The System
The equations of the Chua's system are:
The Chua's circuit can be implemented by using three cells of a State Controlled Cellular Neural Network (SC-CNN) [Manganaro et al., 1999] . A simple modification has been introduced in order to set up a threshold in the Chua's circuit, that allows us to switch from a two cell scheme to the classical three cell configuration, and vice versa. This purpose has been achieved by inserting an nMOS device in the SC-CNN Chua's circuit, as shown in Fig. 1 . The equations of the corresponding system can be written as follows:
The introduced model differs from that described by expressions (1) for the presence of u(t) and τ quantities. The latter parameter represents the normalized time constant that regulates the discharge of the capacitor associated with the variable x when the switch is off. Moreover, u(t) has been introduced in order to model the effects of the nMOS. This device is driven in order to operate in nonlinear regions. It can be either off or on, depending on the value of the driving signal u(t). For this reason in system (2) it can be assumed that u(t) alternates between the discrete values 0 and 1. The values of the parameters in (2) are chosen as follows:
as in the double scroll behavior of the original system (1), while the value of τ is assumed to be equal to 150. It is evident that for u(t) = 1 Eqs. (2) are identical to Eqs. (1), while, when u(t) = 0, the first equation of (2) is uncoupled from the last two and any chaotic dynamics cannot be obtained. Focusing on the circuit, when the nMOS device is closed, the circuit is exactly a Chua's circuit, while, when the nMOS is open, the capacitor that integrates the first equation of (2) is isolated by its effective current input and consequently discharges. The experiments reported in this work have been performed under the assumption that u(t) is a square wave signal with frequency f u . In the next section experimental results about the behavior of the circuit with respect to the frequency f u are reported.
Experimental Results and Discussion
The frequency f u of the square wave u(t) has been varied from 250 Hz to 6 kHz, which is in the most significative frequency spectrum of the above cited circuit. The behavior of the system is different when operating in either low frequencies (250 Hz-1 kHz) or higher frequencies (1 kHz-6 kHz).
In the first case we observe that if the frequency of u(t) is very low, then the double scroll Chua attractor survives, but, if this frequency is increased, then only a single band attractor is visible. When f u varies in this region, it may be possible to observe either a chaotic attractor, or a periodic orbit. In Fig. 2 some examples of the trajectories on the x-y phase plane are reported, together with their respective spectra for both the original circuit and the frequency switched one.
Moreover, two different experiments leading to different results are considered. In the first experiment the frequency f u has been increased starting at a value of 250 Hz up to 1 kHz. In the second experiment, the frequency f u has been decreased back from 1 kHz to 250 Hz. We have noticed that the behavior of the circuit is not the same in the two experiments, thus revealing a hysteresis behavior. This result is emphasized in Fig. 3 , where the behavior of the circuit versus frequency has been sketched. Figure 3 (a) deals with the first experiment (increasing frequency). In this picture, three different regimes of the circuit are schematically depicted versus the frequency f u . Regime "A" indicates that the state trajectory is bounded in the x > 0 region, regime "C" refers to an attractor bounded in the x < 0 region, and regime "B" indicates that the state trajectory is not bounded in any of these regions. It has to be remarked that through this analysis we investigate only on the region of the phase plane in which the attractor is confined, but not on the presence of chaos. In fact, regardless of the region in which the dynamics evolves, both chaotic and periodic behavior can be observed. Figure 3(b) , obtained for decreasing frequencies, does not reveal regime "A". By comparing these results the hysteresis phenomenon emerges, as illustrated in Fig. 3(c) .
Therefore, for a given frequency f u of the control signal, the circuit presents two different attractors, which should take place in correspondence to two different sets of initial conditions. In order to verify this hypothesis we carried out some numerical simulations on system (2), by fixing the values of the frequency for which the hysteresis has been revealed on circuit, and verifying that starting from different initial conditions, two different attractors emerged. Our simulations confirmed the results obtained experimentally. Moreover, while we performed real experiments on the circuit, the long exploration of the state space necessary to understand the behavior of system (2) with respect to different initial conditions can be avoided, when numerical simulations are carried out, this step is mandatory. Therefore, the experimental case offers a immediate method to support the study of the existence of multiple attractors. The results of the numerical simulations are reported in Fig. 4 . We have chosen [refer to the nondimensional time scaling of system (2) 
are chosen, the left single scroll emerges, as reported in Fig. 4(b) . As highlighted above, in Fig. 3 it is generically indicated for which values of f u the trajectories are bounded in one of the two regions x > 0 and x < 0. No specific information is available to understand for which values the system behaves chaotically or not. In effect, the behavior of the system cannot be schematized in such a simplified way. In both the regions the birth of chaos manifests itself in the same way. An example of this evolution is illustrated in Fig. 5 (a) which shows that for f u = 700 Hz, when chaos is triggered by the switch on, the system dynamics always starts from the same initial conditions. In other words, it results in a cyclic orbit. Moreover, for a higher value of f u [f u = 786 Hz, in Fig. 5(b) ] the same phenomenon does not hold. Alternatively, the trajectory ends at a point A or at a point B. So the system alternatively starts from two different initial conditions (A and B) . If the value f u is increased further, the number of these initial points becomes higher, therefore it is possible to observe a strange attractor, which is single band. We remark that in the case in which the trajectory is a limit cycle [e.g. in Fig. 5(c) ] the spectra analysis shows significant components for f = f 0 , f = 2f 0 , f = 3f 0 , . . . , where f 0 is the frequency of the signal u(t). Another interesting observation that can be drawn starting from the spectra analysis is that the maximum amplitude in the spectra is always located in a well-defined area around 4 kHz. Even though if the chaotic regions have been mainly characterized by using the Lyapunov exponent calculus at the various input frequencies, we also present the experimental global behavior in Fig. 6 . The trends of x for different values of f u have been sampled and stored. Then, Fast Fourier Transforms (FFT) of these signals are performed. These are also functions of f u . In such a way a threedimensional picture can be constructed, in which the various FFTs of variable x for different values of the frequency f u are reported. This is what is shown in Fig. 6 , obtained for decreasing values of f u . In Fig. 6(a) it is possible to observe for which values of f u the system is characterized by the double scroll Chua attractor, or not, in fact the DC component is zero in the former case. However, information about the right or left scroll is lost. By removing the DC component, as in Fig. 6(b) , it is possible to observe when the system behaves chaotically or not, because chaos is evidently characterized by a broad-band spectrum, whereas periodic regime is revealed by an almost peak-like spectrum. Moreover, the white narrow bands displayed in a ray-like fashion on the (f − f u ) plane, constitute an experimental proof of the relationship between the frequency of the control signal and that of the oscillations of the circuit (f = f 0 , f = 2f 0 , f = 3f 0 , . . .). Nevertheless, further analyses on the FFT of the signal have been performed. As chaotic signals are characterized by a noise-like spectrum, opposite to periodic ones that are characterized by a peaklike discrete spectrum, the standard deviation of the FFT can be used as a measure of the dispersion of the band of the signal. Therefore, the standard deviation must be high when the system is chaotic; this is shown in Fig. 7(a) . In Fig. 7 (b) the frequency f M at which the FFT assumes its maximum value is shown in order to reveal the main oscillation frequency, which is very significant in the case of periodic oscillations (i.e. when the variance is low). It is worth noting that f M is always located in a region around 4 kHz. Moreover, the tracts where f M is high are characterized by trajectories in a region "A" or "C", and in these tracts f M grows linearly with the frequency of the applied u(t), as already noticed before.
Further investigations on the circuit behavior are performed at higher frequencies than the ones examined above. In Figs. 5(c)-5(f) several examples are reported. The main difference of this analysis from the one at lower frequencies is twofold. Firstly, it can be noted that in this case the oscillations exhibited by the system have smaller amplitudes than those obtained for low frequencies (in Figs. 5(d) and 5(e) different scales are evident). Moreover, at higher frequencies the circuit is not chaotic. The reason relies on what was discussed before: the first component in the spectra is related to the frequency of the applied signal; if the first component is too high, a chaotic behavior is not admitted. Finally, Fig. 5(f) shows the spectrum when a signal u(t) of frequency f = 3250 Hz is applied; in this case, oscillations are very regular as also verified by numerical simulations.
Conclusions
In this letter the effect of the introduction of a threshold device (a nMOS) in a Chua's circuit, realized by using SC-CNN, in order to control its behavior, has been examined. A square wave signal is applied as control law to this device and different behaviors in the phase plane have been observed by varying the frequency of the applied signal. This can be very useful to switch among several complex dynamics without changing the physical parameters of the circuit.
Two complementary analyses with respect to the frequency of the control signal have been performed: firstly, an analysis on the region in which the attractor is confined (i.e. left or right single scroll), then an analysis on the characterization of chaos or regular behavior of the system. The hysteresis phenomenon, not previously revealed in other circuits, with respect to the frequency of the control signal has been discovered.
To conclude in this communication we have shown that the SC-CNN allows us to introduce a new class of circuit, the so-called switched cell circuit, as the generalization of the scheme reported in Fig. 1, with new complex dynamics. 
